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Abstract 


In 1985, Matsumoto. M.,[6] has discussed the properties of special hypersurface of Rander’s space with 
b;(x) = 0; b being the gradient of a scalar function b(x) . He had considered a hypersurface which is 
given by b(x) = constant. In this paper we have considered the hypersurface of a generalized (a, B)- 
metric space with metric given by (1.1) which is given by the same equation b(x) = constant. The 
condition under which this hypersurface be a hypersurface of the first, second and third kind have also 
been obtained. 


Keywords: (a, £)- metric, hypersurface, angular metric, the reciprocal tensor, covariant differentiation, 
h- and v- covariant derivatives. 


1. Introduction 


The notion of (a, £)- metric was introduced in 1972 by Matsumoto. M., [5 & 6]. On the basis of 
Rander’s metric which was attracted physicist’s attention [3, 4]. A Finsler metric L (x, y) ina differential 
manifold M” is called (a, f)- metric, if the L is a (1) p-homogenous in the variables a and B, 


where a@ = [aij (x) yi yi and B = b; (x) y! is one form of degree one. 


We have a number of (a, f)- metric such as Rander’s metric, Kropina metric, generalized Kropina 
metric, Matsumoto metric as examples. With respect to these metrics, several authors ([4], [5], [6],[7], 
[10], [11], [12]) where we obtained important result and theorems. In this paper, we take the (a, f)- 
metric given by, 


Peat tod ~+oap + ae" (1.1) 
where C,,Cz,C3 and C, are constants and n is a positive integer. 
If Cy, = Cy =1 ,C,= C3 =0 and n = 1, then we get Rander’s metric 
L=a-+6 [il] 


In this way by giving different values to C,,Cz,C3 C, and n we get different type of (a, £)- metric 
discussed by several authors [8], [9] etc earlier. Therefore, the metric (1.1) has become too much 
interesting because it is the generalization of several (a, 8)- metric. Therefore, we say this metric as 
generalized (a, 6)- metric and space generalized (a, £)- metric. 


In 1985, Matsumoto. M.,[6] has discussed the properties of special hypersurface of Rander’s space 
with b;(x) = 0; b being the gradient of a scalar function b(x) . He had considered a hypersurface 
which is given by b(x) = constant. 
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In this paper we have considered the hypersurface of a generalized (a, 6)- metric space with metric 


given by (1.1) which is given by the same equation b(x) = constant. 


The conditions under which this hypersurface be a hypersurface of the first, second and third kinds 


have also been obtained. 


2. Preliminaries. 


Let F” = (M"™,L) be an n-dimensional Finsler spaces with (a, 6) given by (1.1) where 


a= [aij (x) y! y/ is a Riemannian metric in M" and B = b; (x) y' isa differential one form in M”. 


The derivatives of L = (a, 8) with respect to and are given by 
_ = Cy (N-1) C. es 
Lg =" Gam) 4 Sgn gy B grt] 


_ t1—-n[e2a™" | C3 (n-1) 
pai). 


pe at Cs pe 


- - n-3 
laa =" [Cn = 1) at? + SEDATE = te, 


n 


_n [C3 (n-1) (n-2) a p™-3 ms ee 
io ree + Can — 1) 8" 2)+(1—n)L se 





_n [C2 (m-1) a2 C3 (n-1) B™? = 
Lag = An [BOE 4 SE | + Gn La ly 
Where 
aL aL aLa 
a aa? Lg ap’ Laa Oa. 
aLg La 
Lep = OB and Lag = OB 


The normalized element of support 1; = a, L is given by 


lL; = La yao + Le b; 
l, = pint [c: qn i 4 C2 — a2 B Ae Bn] y; av 


a—n [C2a™* | C3 (1) 
+17 [224 SO 


Ba + Cy BP], 

Where y; = ay’, the angular metric tensor hj; = L a, a, L is given by 
hi, = Po aij + qo bi bj + G1 (bi vj + Bj Vi) + P2ViV; 

Where 


pPjp=—t= qt p2-n [c: qn-1 4 C2 —_ qn-2 B+ m pr] 


C3 (n-1) (n-2) @ B™3 
n 





qo = LLgg =?" | 


Osa = 1) ae +(1-n) 3 


(2.1) 


(2.2) 


(2.3) 


(2.4) 


(2.5) 
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LLa =: _y (Co (n-1) a"? C3 (n—-1) B™? 
qi =—# =a [1 ee c + arur }+ (=n) La Le| 


n 


Cz (n-1) (n—2) a™3 B 


pin { (Cm —1ar? 4 ) }+ (1 —n)L“112, 


i iy 2 n 
P2a-a (Lea - =) =e 12- (c, gt 462.0 —Dagn-2 p63 gn-1) 
— a 
The fundamental tensor g;; = +4, a, L? is given by 
Giz = Po aij + Po bi bj + PX (diy; + bj Vi) + C22 Vi; (2.6) 


Where 
fe: = n-3 
P§ = qo + 1 = 12 7 [SOO Der + C(n-1) pr] +(1-m) 12 +14 


C2 (n-1) a? 


n 


x _ Lalp_ a [ 72- C3 (n-1) Bp"? La Lg 
Pi, =q_-1+#=a [2 “ + SOF} 4+ (=n) Le lp] +8 (2.7) 


Cz (n-1) (n-2) a®-3 B 
n 





le { (Ci(m —1)a™? 4 ) } +(1—n)b12 


= a2 picn (c qn-1 462 (n=1) yn-2 p+ pot) 
~ a 
L 2 
ey 
a 
Moreover, the reciprocal tensor g¥ of g; j 1s given by [5] 
gil a 4 — —— 
g! = 5 — So bib! —Si(biy! +b! y')— Sp yt y! (2.8) 
0 
Where 
b' = ab; 
ee Py Po + a? [Pp qx2 — (P*1)?| 


J = Po [ Po (Po + Pi b? + 2P*, B + q*p a”) + (ab? — B?)(—P*,* + P§ q*2)| 


Po Pot a? [P59 qu2- (P2,)?] 


So = 7] 

® % \2_ pp 
——— (2.9) 
Sp = [Po q=2+b? {Po q=2 — (P*1)7}] 


J 
The h v-torsion tensor Cjjx = ; Oy, Jij is given by [5] 
2 Po Cijk = P*, (hij Mr, + jx mM; + hy m;) + 1% M; mj Mr, (2.10) 


Where 
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OPE * 
meg oo ae m; = bj — a? By; (2.11) 


"Y = Foe 


It is noted that the covariant vector m; is a non-vanishing one, and is orthogonal to the element of 
support y'‘. 


Let {j ‘ k} be the components of Christoffel’s symbol of the associated Riemannian space R” and V, 
be covariant differentiation with respect to x* relative to this Christoffel’s symbol, we shall use the 
following tensors. 


2E ij = bij + by, 2 Fp = by — by (2.12) 
Where bij = Vjb; 
If we donate the Cartan’s connection C [ as (Te To rip cjx') then the difference tensor 
Dic’ =Tjx"' — {i ‘ k} of (a, B) — metric space is given by [6] 


Dix! = Bi Ej, + Fi By + Fi By + Bi Dox + Bh boj — Dom g'™ Bi — Cm At — Chm AM (2.13) 


m jis i,m i m m pi 
TCikm As'g” + (Cim Csk + Chm Csi — Sik | 


Where 
By = Pi by + Pi yx; Bi=gB, Fi = g® Fy 
p* = 0 Po 
By = (@y—@ yi yj) + S% mj mj} /2 
Bi = g® Bi, (2.14) 


ie = Be Ego + B™ Exo + By Fo” + Bo Fr” 


A™ = B™ Ey. + 2By Fi”, By = By" 
Here and in the following we denote 0 as contraction with y! except for the quantities P , qg and Cp. 


3. Induced Cartan Connection. 


Let F"~! be a hypersurface of F”, given by the equation x' = x! (u%) suppose that the matric of the 
projection factor x!, = ~ is of arank (n — 1), the element of support y! of F” is to be taken 


a 


tangential to F"~1 i.e. 
y' = xy (u) vv. (3.1) 


Thus v“ is the element of support of F"~? at the point u*. The metric tensor Jag and the hy-torsion 
tensor Cygy of F"~* is defined by 
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Gap = Fj Copy = Cie XOX (3.2) 
at each point u* of F"~1 , a unit normal vector N‘(u, v) is defined by 

Gy = {12 LYDIAN =O, gi {x (u), y(u VJ} N'NI =1 (3.3) 
As for the angular metric tensor hj; we have 

hag = hy XiX}, hy XENI =0, hy NENI =1 (3.4) 
If (X?, N;) denotes the inverse of (Bi, ,N Ey, then we have 

Xf = g gi; Bi, xi xP = 68 | xeni=o, (3.5) 

Xin, =0, Ni = gij N? 

Xi Bf + N' ON, =6;, 
The induced connection ICT = (Tp) aay", Cpy ) of F"~1 induced from the Cartan’s connection 


Cl = (x Tox”, Gx’) is given by [ 6 ] 


Ppt = XP (Xpy +0 Xp XE) + MEH, (3.6) 

GE = XP (Xig +1 oj" +X} ) (3.7) 

Cf, = XP Ci! X} X# (3.8) 
Where 

Mgy = Ni; Ci, Xp X¥ , Mh = g® Mpy (3.9) 

Hg = Ni ( Xip + Toy Xf ) (3.10) 
and =X, = zt Xop = Xagv®, 


the quantities Mg, and Hg are called second fundamental v-tensor and normal curvature vector 
respectively [ 6 ]. 


The second fundamental v-tensor Hp, is defined as [ 6 ] 

Hay = Ni X py + Te" X4 Xf) + Mg A, (3.11) 
Where 

Mg = N; Cj, X4 N* (3.12) 
The relative h- and v-covariant derivatives of projection factor X4 with respect to I C T are given by 

Xuip = Hog N', Xop = Map N' 3) 
The equation (3.11) shows that h is generally not symmetric and 

Hpy — Hyg = Mp Hy — M, Hg. (3.14) 
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Furthermore (3.10), (3.11) and (3.12) yield 
Aoy = Hy 3 Ayo = Hy, + My Ho Py (3.15) 
We quote the following Lemma which is due to Matsumoto [6] 


Lemma (3.1): The normal curvature hy = Hg vP vanishes if and only if the normal curvature vector 
Hg vanishes. 


The hyperplanes of first, second and third kinds are defined [ 6 ] we only quote the following. 
Lemma (3.2): A hypersurface F"~? is a hyperplane of the first kind if and only if Hy = 0. 


Lemma (3.3): A hypersurface F"~? is a hyperplane of the third kind with respect to the connection 
CT if and only if Hy = 0 and Hag = 0. 


Lemma (3.4): A hypersurface F"~? is a hyperplane of the third kind with respect to the connection 
CT ifand only if Hg = 0, Mag = Hap = 9. 


4. The hypersurface F"~1 (c) 


Let us consider a special (a, #)-metric (1.1) with a gradient bj(x) = 0;b for a scalar function b(x) and 
consider a hypersurface F"~1(c) which is given by the equation b(x) = c(constant). 

From the parametric equation x! = x! (u%) of F"-1(c), we get oe) = 0 =b;x!, , so that b;(x) are 
regarded as covariant components of a normal vector field of F"~1(c). 





Therefore along the F"~1(c) we have 
bixt =0, biy' = 0 (4.1) 
In general the induced metric L(u, v) from the metric (1.1) is given by 
: ; n/2 
Ga) =e, {ai (x(u)) X4 XB pe vb} 
therefore the induced metric of F"~1(c) becomes 
L(uv) = feraap ue? Aap = ayj(x(u)) XL Xf (4.2) 


Which is a Riemannian metric, at the point of F"~1(c) from (2.5), (2.7) and (2.9) 





we have 
2(1-n)/n 12 

_ p2/n _ G@=n)c C3 = 
Po=Cy" , qo = mr: > q1=0, 
pes Git px — 2G" pe Ma 

—2— —4, a@’, 0 nz ? “17 n 
q2=2=0, 
6 

clr?) ‘ , 

J=-+ [C? n2 + (1 —n) C3 b?] 


n2 
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(1=n) Cz 
= 4, 
So 2!" (¢2 n24+(1-n) C2 b?] a) 
Sx Gn 
1 a2!" [C2 n2+(1—n) C2 b?] 
Cee b? C3 
2 a2 C2!" (¢2 n24(1-n) C? b?| 
Therefore from (2.8) we get 
ij — al - c3 (1-n) ipj _ C,C,n i,j jini 
g c2/ 2! Te? n24(1-n)c2b?| b ac?!" [¢2 n2+(1-n) C2 b?] ( ye wey ) (4.4) 
b? Cz igi 
a2 C2!" (¢2 n24(1—n) C2 b?] yy 
Thus along F"~+ (4. 1) and (4.4) lead to 
ae b2 C2 n2 
ne 
g 1 byb; Co” [2 n? +n) CPP] therefore we get 
: _ b2 ce n2 ; 2 — Aiih. h. 
bj (x (u)) = | C2? [2 n? +n) C2b?] Ni; b* = ab; bj (4.5) 
Again from (4.4) and (4.5) we get 
: - b22/" [C2 n2 +(1-n) C2 b?] , . Cb? 
bs Bip, = 1 1 2 i 2 i 
b= a v= | cal Nr rey (4.6) 


Hence we have the following, 


Theorem 4.2 : Let F” be a Finsler space with (a, B)- metric (1.1) and b;(x) = 0;b (x). Let 
F"-1(c) be a hypersurface of F” given by b (x) = c (constant) suppose the Riemannian metric 
ay (x) 6 x! &x/ be positive definite and b; be non-zero field then the induced metric an F"~1(c) 
is a Riemannian metric given by (4.2) and relation (4.5) and (4.6) hold. 


Along F"~1(c), the angular metric tensor and metric tensor are given by 








7 2(1-n) 
ee fas (1-n)c, ™ Cc? 
hij = Cc Qi; = Cy a 7 Vi yj + 2 ss b; bj (4.7) 
2(1-n) 2-n 
2 (2-n)c, ™ Cc? C,” Cat 
Jij = qe Qi; + = 7 b; bj + ae yj + bj yi) (4.8) 


From (4.1), (4.7) and (3.4) it follows that if ee denote the angular metric tensor of 


B 
Riemannian metric a;;(x) then along F"“1(c), hag = C, ?/" he . From (2.7) we get 2s — 0 thus 


op 
along F"~1(c), (2.11) and (4.3) give 


(4-3n)/n | -1 ¢3 
_ Gy a* C3 


Y= (n — 2)(2n - 1), Mm, = db; 


n3 


Therefore hv-torsion tensor becomes 
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— 3n)/n oo 
2 (n—1) (2n—1) bb; bx | (4.9) 


(bi hj + bj Mee + by Hy) + 


Cis 2 Or 
ijk = mae. 


Therefore (3.4), (3.9), (3.12), (4.1), (4.5) and (4.9) gives 





2 
Map = 2 oer hag »Maq = 0 (4.10) 
cy | 


DORE: Le C2 n2 +(1-n) C2b?| 
Hence from (3.14) it follows that Hag is symmetric. 


Theorem 4.2: The second fundamental tensor v-tensor of F"~1(c), is given by (4.10) and the 
second fundamental h-tensor Hyg is symmetric. 


Next from (4.1) we get bijg X i+ bX aiB = 0 therefore from (3.13) and the fact that 


big = = bi; X, 2 ae bij Ni Hp [6] we get 


bij Xi X} + bij X4 NI Hg + Hag b, N' =0 (4.11) 


Since bj); = —bp Chi from (3.12) , (4.5) and (4.10) we get 


. . b2 C2 n2 
L = 1 _— 
bij Xa N? = — | Ma = 0 
cf [c? n*2 +(-n) cZb?| 








Thus (4.11) gives 


b2 C2 2 
iF an Hag + by; Xi, X} = (4.12) 


cf [c2 n? +(—-n) C2b?| 








It is noted that bj); is symmetric. Furthermore contracting (4.12) with v® and v® respectively and 
using (3.1), (3.15) we get, 


2¢2 72 . . 
a Ha + byj Xvi =0 
c [c2 n2 +(1-n) cZb?| 





202 72 " A 
= Ag t+ yy y' yi =0 (4.13) 
cf [c? n? +(1—n) cZb?| 


In view of Lemmas (3.1) and (3.2), the hypersurface F"-1(c) is a hyperplane of the first kind if only 
Thus from (4.13) it follows that F"~1(c) is the hyperplane of first kind if and only if 
bij y! yJ = 0. This b; j being covariant derivative with respect to Cartan’s connection CT of F™, it 


may depend on y!. On the other hand V; b; = b; is the covariant derivative with respect to the 
Riemannian connection {j ‘ ,} constructed from a;;(x), therefore bj; does not depend on y'. We shall 
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consider the difference bj); — bj; in the following. The difference tensor D jx = T it —f{j ‘,} is given 
by (2.13), since b; is a gradient vector, from (2.12) we have 


Ey = bi, 


Fij = 0, Fi = 
Thus (2.13) reduces to 
D je = BY dy + Bj Dow + B je boj — Dom g'™” Bix —Cjim AR —CkmAs’ + GumAtg’s 


tA (Cin ee C mC CC ms (4.14) 


But in view of (4.3) and (4.4) the expression (2.14) reduce to 


2(1-n)/n p2 (2-n)/n -1 
_ C¢ Cx (2—-n) Cy Coa 
i= — +(e Vi > 
Bi- (4=n) G3 i Cian yi 
[c? n2+(1-n) C2 b? | a{c? n2+(1—n) C2 b?} 


_ & _ 7-2 
Bij = Fang, (ij — @* id}) 





Biz= C2 ( i _q@-2 i ;) = c3(1-n) bi b;- cz D; i 
J 2nac, J yi 2nac,{c? n2+(1-n) C2 b2 } J 2na?{c? n2+(1-n) C2 b2} J y 
(4.15) 
k = BD + B™ Do 5 A™ = B™ Doo 
By the virtue of (4.1), we have B 4 = 0, Big =0 ~~ whichgive A}' = B™ boo, therefore we 
have 
D ig = B! Dig + Bi bog — B™ C im Doo (4.16) 
fee et a= (1-n) c? i Cy Con i 
Pon = 2 Poo = lz n2+(1—n) C? b2} es aC? n2+(4—n) CF b?} > | Poo or 
Thus paying attention to (4.1) along F"~1(c), we finally get 
i i (1-n) c? b? C1 Con _ (1-n) c2 b™ ; 
b; Dig = {c2 n2+(1—n) C2 b?} bio + 2a{c2 n24+(1—n) C2 b? } bj Doo {c2 n2+(1-n) C2 b?} C jm Pi Poo 
(4.18) 
. 1 c2 b2 
To) ee am bos (4.19) 


{c2 n2+(1-n) C2 b? } 

From (3.12), (4.5), (4.6) and (4.10) it follows that 
bn A =P a0 

Therefore the relation 
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bij = bij — by Dij and equation (4.1), (4.18), (4.19) give 
2 ° F Z C2 n2 ‘ 
bys Kay = PioXa— br Dio Xa Terme sta-my ego] “0 Xe 
. F C2 n2 
Py WY! = boo — br Pho = Terme x(a=my aga] 
Consequently (4.13) may be written as 
/n 
2 Cy yi . 
Vb? Hy + cy » te Fem ae bio Xa = 0 
c2/n 
vV b2 Ho + Cy » bape oa boo =0 (4.20) 


Thus the condition Hp = 0 is equivalent to bog = 0, where b;; does not depend on 
y!. Since y! is to satisfy (4.1) the condition is written as 


bij yy = (by! \(d; y/) for some d; (x) so that we have 


From (4.1) and (4.2) it follows that 

















boo = 0, by Xi.X} = 0, bj Xi yi =0. 

Hence (4.20) gives Hy = 0. Again from (4.1), (4.21) and (4.15) we get 
i; _ dy b? = igi = 7 oe © 

bio bi= 2 : Ar= 0, Aj Xp = 0, and Biy Xk Xp = nae hag F 

Thus (3.9), (4.4), (4.5), (4.6), (4.10) and (4.4) give 
Ci 3 73 2 

b, Df, XL x) = — man to __h 

ie aac?!” {c? n2+(a—n)c3 by *F 
Therefore the equation (4.12) reduces to 

b?2 Cc? n2 n? C3 Cp b? d 

fe Hap + acl ae hag =0 (4.22) 


where 
K = {C? n? + (1—n)C2 b?} 
Hence the hypersurface F"~1(c) is umbilic. 


Theorem 4.3 : The necessary and sufficient condition for F"~1(c) to be hyperplane of the first 
kind is (4.21) and in this case the second fundamental tensor of F"~1(c) is proportional to its 
angular metric tensor. 


In view of Lemma (3.3) F"~1(c) is a hyperplane of second kind if and only if 
Ha =0and Hag = 0 thus from (4.22) we dp = d(x) y' = 0, therefore there exist a function E(x) 
such that 
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d;(x) = E(x) b;(x) thus (4.21) gives 


Theorem 4.4 : The necessary and sufficient condition for F"-1(c) to be a hyperplane of the 
second kind is (4.23). 


Finally (4.10) and Lemma (3.4) show that F"~1(c) does not become a hyperplane of the third kind. 


Theorem 4.5 : The hypersurface F"-1(c) is not a hyperplane of the third kind 
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